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How diverse should the immune system be?
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SUMMARY

We develop a probability-based model that suggests a novel explanation for the enormous diversity of the
lymphocyte repertoire in the immune system. Taking into account the fraction of the repertoire that is
expected to be rendered tolerant because of potential self reactivity, we calculate Py, the probability that
a pathogen escapes recognition by the immune system. Obviously, for P to be low the diversity should
be large. Our novel result is that the major factor in this relation between diversity and P; is formed by
the number of self antigens. Thus our model suggests that, rather than the number of foreign antigens the
system is protecting against, the diversity reflects the number of self antigens the immune system needs

to avoid reactivity with.

1. INTRODUCTION

The vertebrate immune system is composed of B and T
lymphocytes. Each lymphocyte clone is identified by a
unique antigen receptor. The diversity of lymphocyte
receptors is so large that virtually any antigen is
recognized by at least one of the lymphocyte clones.
Thus, each pathogen evokes a specific immune re-
sponse. It is in an open question why the immune
repertoire is so large. A large repertoire is not required
for the recognition of a large variety of antigens. This
is illustrated by the major histocompatibility complex
(MHC) molecules that play an essential role in the
presentation of peptides to T lymphocytes. Although
any individual has only a limited number of different
MHC molecules, most individuals are perfectly capable
of presenting peptides from virtually any antigen.
The question that we address here is how large the
repertoire should be so that virtually all pathogens are
recognized by at least one lymphocyte clone. Perelson
& Oster (1979) have previously addressed this question
for B cell repertoires. Here we expand their discussion
to take into account self tolerance and the T cell
repertoire. When the repertoire of lymphocyte recep-
tors recognizes virtually any antigen it also contains
specificities recognizing self antigens, i.e. molecules
from within the organism. We here suppose that such
‘auto-reactive’ clones are functionally deleted from the
repertoire. Several self-tolerance processes have been
described for both B cells (Nossal 1983 ; Schwarz 1989,
Hartley et al. 1991; Goodnow 1992) and T cells
(Kappler et al. 1987, 1988; MacDonald et al. 1988;
Mueller et al. 1989); see Kroemer & Martinez-A.
(1992) for a review. The efficiency of self tolerance is
still debated because the normal repertoire contains
auto-reactive specificities (Avrameas 1991). This is
especially true for B cells, i.e. for IgM antibodies. We
will here assume that those lymphocytes that recognize
any self antigen with high affinity are functionally
removed from the repertoire, and that the functional
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repertoire after tolerance induction is still sufficiently
large that virtually all pathogens are recognized, i.e.
that the repertoire is complete. We ignore idiotypic
interactions: the concentrations of the idiotypes are
considered to be too low for tolerance induction.

Each pathogen is recognized by any of several
antigens. For example, enteric bacteria are recognized
by O antigens, and group A streptococci by M protein.
We define a as the average number of antigens per
pathogen. We also define a ‘probability of escape’, Py,
which is the probability that no clone in the functional
repertoire is able to recognize a given antigen. Thus,
the probability of not recognizing a pathogen ex-
pressing a antigens is P§. Evolution is expected to
minimize P4. This evolutionary minimization is
expected to halt around a value of P% at which the
organism is very likely to survive into adulthood.
Implicit in our model is the assumption that the
antigens an individual encounters are random samples
from a potentially very large antigenic universe. We do
not consider the special case where repertoires have
evolved to preferentially recognize specific foreign
antigens.

This upper bound of P§, can be estimated from the
total number of deleterious pathogens an organism is
expected to encounter during its life. The first failure in
recognition can be computed from the geometric
distribution and is expected after P3* pathogens. Thus,
for an immune system in which 999, of all antigens are
recognized, i.e. P, =0.0l, and an environment in
which a =2, the first failure is expected after 10*
pathogens. Thus P% = 107* seems a reasonable order of
magnitude. Below we show that our results are not
sensitive to these estimates because our expressions
depend only on the logarithm of P;.

2. MODEL

In the immune system an antigen is recognized as
‘epitopes’, i.e. as regions of the antigen that bind B or
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T cell receptors. Let P, be the probability that a
randomly chosen receptor recognizes a randomly
chosen epitope with sufficient affinity to trigger the
cell. Empirical estimates of P, vary around P, ~ 107°
(Cancro et al. 1978; Milon et al. 1986). Because P, < 1
we will approximate In(1—F;) as —F,, and hence
(1 —Py)" as exp [ —nPFg]. Let R, be the size of the ‘pre-
immune’ repertoire,-i.e. before tolerance induction,
and let R be the ‘functional’ repertoire, i.e. after
tolerization. Because we concentrate on initial recog-
nition abilities we do not consider somatic mutation.
For mice it is estimated that the functional repertoire of
both T and B lymphocytes is comprised of the order of
107 specificities (Du Pasquier 1982; Berek & Milstein
1988; Davis & Bjorkman 1988). It is estimated that T
cell tolerance involves 50-70 9, of the lymphocytes in
the thymus (Scollay & Shortman 1985). For murine B
cells this is unknown (Hartley et al. 1991; Goodnow
1992), but in the rat 759, of surface IgM* bone
marrow B cells appear to be lost in the bone marrow
(Deenen et al. 1990). We define ¢ as the average
number of epitopes per antigen. An order of magnitude
is € = 10. Let n be the number of self antigens, hence,
ne is approximately the number of self epitopes: if the
same epitope appears in different self antigens then the
number of self epitopes will be less than ne. However,
as n is not known with great accuracy, a typical
estimate for the number of self antigens is 10* < n< 10°
(Cohn 1987); the potential discrepancy between ne
and the true number of self epitopes is probably of no
consequence. :

3. B CELL REPERTOIRE

For reasons of simplification we first use our model
for analysing the B cell repertoire. The analysis of the
T cell repertoire is more complicated because it
involves antigen presentation. Self tolerance has been
shown for B cells (Nossal 1983 ; Schwarz 1989; Hartley
et al. 1991; Goodnow 1992) but remains an issue of
debate. Rather than being deleted, clones may be
anergized or incorporated into a network that controls
their self reactivity.

We calculate f, the fraction of receptors surviving the
self-tolerance process. The probability that a randomly
chosen receptor fails to recognize any of the ne self
epitopes is

S=(1=P)" = exp (— Pyne). (1a)

Assuming f is the fraction of receptors surviving self
tolerance, the functional repertoire is

R=/R, (1b)

We expect that natural selection acts upon the
probability that an immune response to a pathogen
fails. For a pathogen corresponding to ¢ antigens, each
with € epitopes, and for a functional repertoire of size
R, the probability of escaping recognition by all R
receptors is

Pl = (1= B)™ = exp (— P Rea). @)
Substituting equation (1) into equation (2) we obtain,
Ry ~ —In (Py) [exp (Pyne)]/Pye. (3)
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For the empirical estimates given above, i.e. P, = 1079,
10* <7 < 10°% ¢ = 10, P, = 1072, equation (3) predicts
10° < R, < 10°. Thus, this prediction is very sensitive
to n.

Equation (3) gives the size of the pre-immune
repertoire required to insure a complete repertoire, ie.
one in which the probability of antigen escape is Py. It
predicts that the larger the complexity of the in-
dividual, i.e. the larger the number of self antigens, 7,
the larger the required repertoire R,. Additionally, if
evolution selects for a lower P, the repertoire R, should
also increase. However, because the latter depends on
In P, whereas the former depends exponentially on 7,
we conclude that immune systems are diverse prin-
cipally because of the large number of self antigens.
This is the main conclusion of the paper.

In figure 1 a we plot the pre-immune repertoire &, as
a function of P, and n. It is a function with a single
minimum, and the location of the minimum is
independent of P and a. It is possible to proceed from
here by making a disputable evolutionary assumption.
Because R, as a function of P, has a minimum,
evolution may select for a receptor specificity Py that
requires the smallest repertoire. This minimum, found
by setting 0R,/0F, = 0, is at

Py = 1/ne, (4)

where the overbar denotes an optimal value. (Inter-
estingly, the same optimal receptor specificity is
predicted if one assumes that evolution minimizes Py at

1012(61) n:10% 10* (®)  n:10510*
R, 107

10°

102 (6 £:10010 (@) n:10°  10*
R, 107

10° ‘

107° 10° 1073 1 10 100 1000
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Figure 1. Pre-immune repertoire diversity, R,, as a function
oflymphocyte specificity, P, or of the number of MEC—peptide
complexes, €. (a) Equation (3), i.e. the B cell repertoire R, for
P,=10"% ¢=10, n =10* and n = 10°. This is a function
with a single minimum at P, = 1/(ne). Panels (4—¢) plot
equation (11), i.e. the T cell repertoire R,,. (b) Equation (11),
i.e. the T cell repertoire Ry, for P, = 1072, ¢ = 10, n = 10* and
n =105 On this scale it is hardly visible that the T cell
repertoire is larger than the B cell repertoire. The minimum
is at the same specificity P, = 1/(ne). (¢) Equation (11) for
P, =102 n=10% ¢ =10 and ¢ = 100. The location of the
minimum depends on €. (d) Equation (11) for P, = 1072,
P, =10 n=10* and n = 10°. Because of the minimum
there is an optimal number of MHC molecules at which the
required repertoire is minimal.
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fixed R,.) Note that for our empirical estimates of P, n
and ¢, P, is close to its optimal value. Substituting
equation (4) into equation (3) gives the ‘minimal’ pre-
immune repertoire

R,~ —eln (P,)n, (3)

where e is the base of the natural logarithm. Sub-
stituting equation (4) into equation (la), we see that
with the optimal value of P, the fraction of B cells
surviving self tolerance is f~ exp [—1] ~ 0.37. Thus,
roughly 639, of the specificities are expected to be
tolerized. In the rat, about 759, of the bone marrow
surface IgM* B lymphocytes are lost (Deenen et al.
1990).

For the minimal functional B cell repertoire after
tolerance induction we obtain

R=R,f~—In(P;)n. (6)

Thus, the diversity of a ‘minimal’ immune system is
a linear function of the number of self epitopes.
Substituting our empirical estimates for mice, i.e.
P,=001, and 10*<n<10°, we obtain
5% 10* < R<5x10°. This is 100-1000-fold lower
than empirical estimates (Du Pasquier 1982; Berek &
Milstein 1988; Davis & Bjorkman 1988).

4. T CELL REPERTOIRE

Generically, T cells respond to peptides presented on
MHC molecules. We assume that, on average, each
antigen is degraded into p different peptides. Let m be
the number of different MHC molecules, and P, the
probability that a given peptide is presented by a given
MHG molecule. As each peptide has a probability B, to
get presented by one of the m MHC molecules, each
antigen is expected to be presented as

€= pPm (7)

different MHC-peptide complexes. We estimate m = 4
because for each class of MHG molecules there are four
major alleles expressed per individual. In combination
with the empirical estimates p =10 and B, =0.2
(Schaeffer et al. 1989) we arrive at an order of
magnitude of ¢ = 10. With ¢ as defined above, equation
(1) now can be applied to the T cell repertoire.
Agreement with the empirical estimate of 50-709,
deletion by tolerance (Scollay & Shortman 1985)
requires that P,ne should be of order one. Hence
receptor specificity, P, should be the inverse of the
number of self epitopes. This is in agreement with
equation (4).

Consider the probability of escape from T cell
recognition. For T cells, recognition involves: (i) the
presentation of peptides by MEG molecules; and (ii) the
recognition of peptide-MHG molecules by T cell
receptors. For a pathogen consisting of @ antigens, each
consisting of p peptides, the probability of escape is

Py = [1=F+E(1—F)"]™, (8)

where the term 1—F, corresponds to a failure of
presentation, and the term B,(1 —F)"® corresponds to
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a failure of T cell recognition given that presentation
has occurred. (This expression can be derived via a
binomial expression for the number of MEHC molecules
that may present each peptide.) Simplifying, we obtain

InPy =~ mpIn{l —F,[1 —exp (—FR)]}
~—¢[l—exp (—FR)]. 9)

This expression allows us to determine 7, the
minimal number of mHC molecules required for
recognizing foreign antigens at probability of escape
level Py. Letting R— o0 in equation (9), i.e. assuming
that any presented peptide will be recognized, we
obtain —InP, ~ € or

7~ — (In Py) /pP,. (10)

For the typical estimates we used above, i.e. P, = 1072,
p =10, B, = 0.2, this gives m =~ 3, which is the right
order of magnitude.

To determine the pre-immune T cell repertoire, we
substitute equation (1) into equation (9), obtaining

Ry~ —In[1 + (InP,)/e] SR LR"E) (1)
PR

The main difference between this equation and its B

cell counterpart, equation (3), is that for it to be valid

m must be greater than 7, i.e. the argument of the first

logarithmic term must be positive.

Equation (11) is plotted in figure 14— as a function
of n, ¢ and P, Its minimum, found by setting
OR,/0P, =0, is also at P, = l/ne, implying that in
minimal repertoires antibodies and T cell receptors
should have similar specificity. From equation (la),
the fraction, f; of non-deleted T cells in the minimal
repertoire is the same as that of the B cells, i.e.
f=exp[—1]. This corresponds closely to empirical
data showing that 50-709, of the T cells die in the
thymus (Scollay & Schortman 1985).

Substituting equation (4) into equation (11) we
obtain for the minimal pre-immune T cell repertoire

R, =—eln[l+ (InPBy)/¢] ne, (12)

which, for fixed ¢ and P, is again a linear function
of n, the number of self antigens. For the minimal
functional T cell repertoire, equation (2), we obtain

R=R,f~—In[1+ (InP,)/€] ne. (13)

When ¢ is sufficiently large, we can approximate
In[14 (InPy)/e] by In (Pg)/e to obtain equation (6).
Thus, in the limit € > 00, the expected size of the T cell
repertoire approaches that of the B cell repertoire and
becomes independent of the number of MHc molecules.
This limit is probably irrelevant because MHG molecules
are known to strongly influence immune reactions.
Equation (13) does not have a minimum as a function
of e.

5. DISCUSSION

Our main result is that the diversity of the immune
system principally reflects the diversity of self antigens
rather than the diversity of foreign antigens. This result

14-2
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has been obtained for both B and T cell repertoires
when we calculated the repertoire required for having
a ‘sufficiently good’ immune system, i.e. equations (3)
and (11). Allowing for evolutionary optimization of
receptor specificities, equation (5) and (12), did not
affect this result.

Another recent attempt (Percus ef al. 1993) at
modelling the specificity of the immune system is based
upon optimizing the probability that the immune
system evolves a repertoire that is capable of recog-
nizing all foreign antigens but not capable of recog-
nizing any self antigen. Although the approach differs
significantly from the one outlined here in that deletion
of self-reactive clones is not considered, the authors
also reach the conclusion that recognition of foreign
antigens can be achieved by small repertoires, and that
it is the requirement of not reacting with self that
requires repertoire diversity.

T cell activation by peptides presented on antigen-
presenting cells involves competition amongst the T
cells for binding antigen. We have recently developed
a model which demonstrates that, for each antigen, this
competition process leads to the exclusion of all but one
of the T cell clones (De Boer & Perelson 1993). This
result becomes relevant for the main conclusion of this
paper if we accept that the T cell repertoire is largely
maintained by cross-reactivities with self antigens
(Rock & Benacerraf 1984 ; Stutman 1986) : competitive
exclusion implies that each self antigen can maintain
the proliferation of one T cell specificity only.

Our model of the T cell repertoire shows that to
recognize antigen reliably there is a lower bound to the
number of different MHC molecules an individual
should have. The model also suggests that if the
immune system operates with T cell receptors having
optimal specificity, then the system can accommodate
any number of MHC molecules even though negative
selection is operating. Other models (Nowak et al.
1992; Celada & Seiden 1992) have suggested that, if
there are too many MHC molecules, negative selection
would eliminate too much of the pre-immune reper-
toire, and thus concluded that there is an optimum
number of MHC molecules. This is also true in our
model if we assume that the repertoire size has not been
minimized by evolution. Thus in figure 1d we find an
optimal value of e¢. However, it is not true for the
‘minimal’ repertoire of equation (13). This discrep-
ancy depends on which variable(s), i.e. m, Py, or m and
P, one subjects to evolutionary optimization.

We have approached the diversity of the immune
system only from the viewpoint of the probability of
recognizing pathogens. Recognition is not sufficient for
antigen elimination. Effector functions and memory
(i.e. immunity) are also important aspects of the
adaptive immune response. Interestingly, in idiotypic
network theory (Weisbuch 1990), it has been argued
that the number of memories that can be encoded in an
immune network is of the order of 4/R. The ability to
have immunity to 10* different pathogens would then
require a functional repertoire of 10° specificities,
which is higher that the results reported here.

The crucial test for the evolutionary part of our
hypothesis would be a comparative study determining
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the repertoire size as a function of the number of self
antigens for a large number of species. Equations (6)
and (12) predict a linear relation.

Unfortunately, the empirical estimates for the
number of self antigens are very approximate. The
estimate of 10* < n < 10° (Cohn 1987) is based upon
the size of the genome. Such an estimate could be
wrong by several of orders of magnitude. First, the
combinatorics of forming different glycoproteins from
the 10°-10° encoded proteins with the carbohydrates of
an organism may give rise to an astronomically large
number of different self antigens. Because immuno-
globulins generically recognize conformational anti-
gens this would be especially true for the B cell self
epitopes. Second, for T cell epitopes, it has been argued
that tolerance only involves a subset of the epitopes
(Gammon et al. 1991). The authors make a distinction
between the ‘dominant’ and the ‘cryptic’ self. As there
might only be a limited number of dominant epitopes
for each tissue of an organism, the total number of T
cell self epitopes could be orders of magnitude smaller
than the number of self proteins. Thus, on the basis of
our theory, we could speculate that the B cell repertoire
should be larger than the T cell repertoire, or that self
tolerance for B cells should be incomplete.

Additionally, precise data do not exist on the size of
the immune repertoire, and on the specificity of
lymphocytes for a variety of species. It is known that
lower vertebrates such as fish, amphibians and reptiles
have a repertoire that is much smaller than that of
mammals. The antibody diversity of anuran amphib-
ians such as Rana and Xenopus is estimated between
5x10* and 5x 10° specificities (Du Pasquier 1982).
We think that this lack of data calls for a more
‘comparative approach’ investigating the immune
systems of a large variety of species. The prediction of
our theory would be that lower vertebrates have a
much lower number of (dominant) self epitopes.
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