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Self-renewal is generally thought to play a major role in the maintenance of the T-cell repertoire. Here
we develop a set of mathematical models for T-cell activation by peptides on antigen presenting cells
{APCs). We show that competition between T cells is inherent to the processes involved in T cells
binding APCs. We prove that for each dominant peptide only one T-cell clone can ultimately survive
the competition. This is analogous to a classical result from theoretical ecology known as the principle
of “competitive exclusion”. These findings allow for three main results. First, competitive exclusion
during an immune response to antigen implies that the clone(s) with the highest affinity for the dominant
peptide(s) will outcompete all others. This allows for a form of *‘affinity selection”. Second, the
competition for binding antigen gives rise to regulation of T-cell numbers within a single clone. This
allows for a regulated form of T-cell memory when T cells are continuously activated by a persisting
antigen. Third, competitive exclusion implies that for each peptide only one T-cell specificity can be
maintained in the repertoire. If the T-cell repertoire is largely maintained owing to cross-reactivities with
various antigens, competitive exclusion means that the diversity of the T-cell repertoire is limited by
the number of antigens stimulating the system. If the cross-reactivities were to involve activation by
self antigens this would confirm an earlier result suggesting that the T-cell repertoire is diverse owing

to the diversity of the self environment.

Introduction

The mouse T-cell repertoire consists of the order of
10® T cells most likely distributed over the order of
105-1Y different clones (cf. Pannetier et af., 1993).
Since the cells comprising this repertoire have a
lifespan that is much shorter than that of a mouse
(Freitas & Rocha, 1993) it is clear that the total
number of T cells is maintained dynamicaily. T cells
can be generated in the thymus from precursors or
they can be generated by sclf-renewal of established
T cells in the periphery. Recent evidence indicates
that the size of the T-cell population is controlled at
the level of total T-cell numbers (Freitas & Rocha,
1993). Mice attain a similar total number of T cells
when they are transplanted with many thymus lobes
(Wallis ef al., 1979), when either the CD4 or the CD$§
subset is suppressed or knocked out (Rocha ef al.,
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1989; Zijistra ef al, 1990; Cosgrove et al., 1990;
Rahemtulla et al., 1991) or when the repertoire is
composed of very few specificities (Freitas & Rocha,
1993). It is well known that the enormous diversity
of the T-cell repertoire is generated by V(D)J recom-
bination (Chien er al., 1984). How diversity can be
maintained in the periphery is the question studied in
this paper.

If the T-cell repertoire is largely maintained by
self-renewal we face the problem that the clone that
proliferates most rapidly is expected to outcompete all
others. Ultimately this would limit the diversity to a
single specificity. This competition problem does not
arise when the T-cell repertoire is largely maintained
by the source of novel cells from the thymus. How-
ever, because the thymus regresses around puberty,
which probably reduces the thymic output, and
because thymectomized mice and humans remain
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immunologically competent, it seems very likely that
in the adult immune system the T-cell pool is largely
maintained by self-renewal (Rocha er al., 1989;
Beverly, 1990).

Self-renewal relies on activation of T cells and cell
division. Although the rate of proliferation may be
controlled by various non-specific factors such as
growth factors and hormones, the signal to proliferate
most likely requires specific binding of the T-cell
receptor to some antigen. This activation signal could
either be due to cross-reactivities with self antigens or
to simulation by foreign antigens resident in the
system (Rock & Benacerraf, 1984; Stutman, 1986;
Rocha et al., 1989; Beverly, 1990). In order to account
for immunological memory, foreign antigens may
indeed persist for a long time (Gray & Matzinger,
1991). Thus, the clone receiving the best antigenic
signals is expected to outcompete all others.

This argument leads to an “ecological” view of
the T-cell repertoire. Populations, i.c. T-cell clones,
competing for resources, namely, access to antigens,
may or may not find a niche for survival in the system.
The problem sketched above in fact corresponds to
one of the most fundamental concepts of theoretical
ecology. Gause (1934) formulated it as the principle
of “competitive exclusion™: two species with similar
ecology cannot live together in the same place. In
other words, species can only co-exist in equilibrium if
they use different resources (Lack, 1954; Hutchinson,
1957; MacArthur & Levins, 1964; MacArthur, 1970;
May, 1974; Levin, 1970; Kaplan & Yorke, 1977;
Armstrong & McGehee, 1980). Applied to a T-cell
repertoire in equilibrium, this suggests that diversity
can only be maintained if clones use different re-
sources, i.c. see different antigens.

In this paper we develop general models for T-cell
population dynamics for which we prove this sugges-
tion to be correct. For each peptide presented at
densities high enough to stimulate T cells, the immune
system can maximally sustain one T-cell specificity.
This allows for three immunological interpretations.
First, competitive exclusion implies a form of affinity
maturation which does not involve hypermutation or
any other explicit mechanism beyond the competition
for binding antigen. Following Gray (1993), we use
the term “affinity selection” for this emergent process.
Second, the competition for binding antigen prevents
infinite T-celi growth when cells are continuously
activated. This allows for a regulated form of T-cell
memory when antigens remain present for a long time
(Gray & Matzinger, 1991; McLean, 1992). Third, we
will argue that one explanation for the maintenance
of the diversity of the T-cell repertoire is the diversity
of self antigens. In order to account for a diversity

of, say, 10° clones one requires of the order of 10°
different peptides. If T cells are maintained owing
to cross-reactivities with self antigens we confirm
an earlier claim that the immune system is diverse
because the self environment is diverse {De Boer &
Perelson, 1993).

COMPETITIVE EXCLUSION

We consider systems in which there are many
antigens present, each of which when processed will
give rise to a few dominant peptides complexed to
major histocompatibility complex (MHC) proteins on
the surface of antigen presenting cells (APCs). We
assume that T cells bind to the peptide forming a
conjugate which ultimately breaks up with the T cell,
either becoming activated, if enough of its antigen
specific receptors interact with high enough affinity
to the presented peptides, or the T cell dissociates
without becoming activated.

From theoretical ecology we know that species can
only co-exist if they exploit different recources, i.e.
by “niche” differentiation. Since T-cell clones are also
competing for resources, namely, peptides presented
on APCs, we expect that the principle of competitive
exclusion will hold in the immune system. One com-
plication is that T-cell clones may have a source of
novel cells from the thymus. We therefore study
competitive exclusion by disallowing such a source,
i.e. by considering a T-cell repertoire that is main-
tained totally by self renewal in the periphery.

For systems in which there are n T-cell clones, T,
i=1,2,...,n, competing for m possible peptides, P;,
J=12,...,m will derive a set of models for T-celi
equations of the following general form:

T:‘ = Ti( k?jKijaj - dT)s (D
™
where £, and K, arec parameters defining the affinity
of T, for P, and «; is a function that is model
dependent but in general will depend on the concen-
tration of peptide j and the population levels of the
various T-cell clones, In ocur simplest model for the
interaction between T cells and peptides
P,
o= —"r )
1+ Y KT,
i=1

We call this the “ecological” model. Equation (I)
and variants of it will be derived in detail below.
However, what is important is that in equilibrium all
clones [ have to satisfy 7,=0, and thus for each
ii=1,...,n,

T.=0, (3a)
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or

2 ki Koy = (3b)

where an overbar is used to denote an equilibrium
solution. When considered for all values of i, eqn (3b)
is a linear system of » equations in m unknowns,

o f=1,...,m. We are interested in the case in
whlch #n = m, i.e. there are more T-cell clones than
peptides,

For this case, in which there are more equations
than unknowns, a generic system can maximally
give rise to m solutions for «;, MacArthur & Levins
(1964) have phrased this idea of generic behavior
by the statement that it is “infinitely unlikely” that
n planes drawn in a m-dimensional space will
intersect in a point. Generally, at most m equations
from (3b) can be simultaneously satisfied. Thus, for at
least (n — m) clones, T, = 0. Hence, at most m clones
can be non-zero, i.e. can be maintained in an equi-
librium repertoire. Dismissing the degenerate prob-
lems in which the products kK, of some clones are
a linear combination of those of other clones as
“infinitely unlikely”, we attain the main conclusion of
this paper: in equilibrium the diversity of the T-cell
repertoire is less than or equal to the number of
antigens residing (i.c. persisting) in the system. This is
analogous to the earlier ecological results saying that,
in equilibrium, an ecosystem based upon #n different
resources can maximally sustain » different species
competing for these resources (Lack, 1954; Hutchin-
son, 1957; MacArthur & Levins, 1964; MacArthur,
1970). Co-existence under non-equilibrium conditions
has been discussed in the ecological literature (Levin,
197(; May, 1974; Kaplan & Yorke, 1977, Armstrong
& McGehee, 1980), and the relevance of such con-
siderations to the present model is commented on
in the Discussion.

Affinity selection

The simplest immunological implication of our
principle of competitive exclusion is a form of affinity
maturation in the absence of hypermutation. During
an immun¢ response several peptides may get pre-
sented and for each peptide we expect several T-cell
clones to respond. The principle of competitive exclu-
ston implies that for each distinct peptide the clone
that has the highest affinity for this peptide will
outcompete all other clones responding to the same
peptide. To see this, consider the case of a single
peptide at concentration P. Let k¢ and K, be par-
ameters defining the affinity of clone i for the peptide.

Then from eqns (1) and (2)

T,= TAB:—dy), (4)

where §, = kYK, P/(1 + Z_, K, T,). Assume that clone
I has the largest value of 8, ie. 8, > 8,.i=2,3,...,n,
and that at equilibrium T, # 0. Then, at equilibrium,
where 7,=0, ,=d,. For clones 2,3,...,n, f,<d;
and therefore for each of these clones 7T,<0.
Thus, clones 2.3,...,n will decrease in size until
they are eliminated. Note that this is the only equi-
librium that is possible in which all clones have
not gone extinct. If, for example, we assumed clone
2 reached equilibrium with T,#0 and f,=d,
then because f,> f,=d, 7", > 0. Thus, clone 1
would continuously increase in size, contradicting the
assumpiion that this was an equilibrium. Notice that
B; is proportional to £?K,, i.e. to the affinity of clone
i for peptide. Thus, owing to the competition for
peptide, the average affinity will increase and the
clonal diversity will decrease during the course of
the response. We use the term “affinity selec-
tion” for this process. (The usual term ‘“affinity
maturation” has too much connotation with
hypermutation.)

There seem to be little or no data on affinity
selection among T cells. MacDonald er al. (1981)
showed that cytotoxic T lymphocytes (CTL) obtained
from mice primed with allogenic cells in vive differed
dramatically in affinity from those obtained by in vitre
stimulation of naive CTL precursors. The simplest
explanation for such affinity differences may be the
preferential stimulation in vivo of high-affinity cells
(Sherman & Maleckar, 1988). Gammon et al. (1990)
show that T cells recognizing certain determinants of
lysozyme outgrow others in culture. For the in vivo
situation there is one additional speculative piece of
evidence. The diversity of the T-cell repertoire in
multiple sclerosis lesions seems to decrease in time, i.e.
the repertoire diversity decreases in the transition
from active to chronic lesions (Wucherpfennig et al.,
1992). In chronic lesions the repertoire is restricted to
just a few clones (Oksenberg et al., 1990). A possible
explanation for the latter observation is selective
outgrowth, i.e. affinity selection.

Extinction

From eqn (3) it is obvious that one possible
equilibrium solution is T, =0 for all 4, i.e. all clones
go extinct. This can occur if there is not enough
peptide to stimulate T-cell growth in the periphery.
For example, in eqn (4), f, is larger than 8,
i=2,...,n Thus, if 8, <d;, then dT,/dr <@ for all

i, and hence eventually all clones will go extinct. For
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this to occur it is sufficient if k{K\ P < dy, ie. if
P <df(kiK,).

An Ecological Model

We now show how models of the form of egn (1)
can be derived. As a first model, consider T-cell
clones, T}, that may bind to peptides freely available
on the surface of APCs. We call these “free” peptides,
F; (Fig. 1). The binding of T cell i to free peptide j,
with rate constant &%, results in T-cell-peptide-MHC
complex C;;. These complexes dissociate with rate
constant k, or give rise to an activated T cell,
T}, with rate constant kj;. Activated T cells, T},
are assumed to proliferate, yielding two non-
activated daughter cells 7}, at per capita rate k,. The
rates of binding, dissociation, and activation may
depend on the affinity of the T cell for the presented
peptide.

This is depicted in the following scheme

32 k4
T+ Fe—=C,— T+ F
k

and
k
T 2T, (5)

For the complexes C;; we write the quasi-steady-state
equation

Cy=kiTiF;— Cylk+ ki) =0, (6)
where i =1,2,...,nand j=1,2,..., m. This gives
Cij = Kij TiFj, (7a)
where
K,
= T (7b)
N + 2 &

At any given time, presented peptides are either
freely available on the surface of APCs or are bound
to T-cell receptors, ie. in complexes. Assume for
the moment that each T cell binds a single peptide.

Fi1G. 1. Schematic illustration of an APC with peptides bound to
MHC molecules on its surface. An MHC loaded with peptide j can
be free (F;) or be bound by T cell / and hence in the form of a
complex (C;;).

Then
Pj=Fj+ZC,-j. (8

In the two APC models that we develop below we
relax this constraint by considering “sites” at which
T cells may bind the APCs. Substituting eqn (7a) we
write

P,=F (1 + 2. K; T,), (9a)
or
P.
F=— (9b)
1+Y KT,

which says that the availability of peptides to bind
decreases as a function of all T cells recognizing this
peptide. For the activated T cells we write another
quasi-steady-state equation

j-3==zk;3.c,.j—vk,,T,.* =0, (10a)
J

hence

l m
TF= Y k4Cy. (10b)
P}

For the T cells we write
Ti=s —Y kO TF+ Y kiCy+ 2k, TF —d, T,, (11)
J ]

where s is the source of T cells from the thymus and
d; is the rate of T cell turnover. Since C",»j = we may
add eqn (6) to eqn (11). Further, we substitute
eqns (7a) and (10b) to obtain

T=s+ T.-(z k:;-Kj,-f;--dT), (12)
J

which says that T-cell proliferation is proportional to
F;, the number of free-presented peptides. Finally, we
substitute eqn (9b) to obtain an equation equivalent
to eqn (1) except that it has a source

kLK,
Fes+T{2 o a3
T1+Y KT,

I

Each peptide functions as an independent “resource”
upon which T cells may grow. For each peptide, T-cell
growth is regulated by the affinity weighted sum of
all T cells recognizing this peptide. Thus, increasing
the number of T cells that recognize each presented
peptide or their affinity decreases the per capita T-cell
growth rate.
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For the case of one T-cell specificity with one
peptide, i.e. n = m = 1, eqn (13) has the same form as
the model of Fishman & Perelson (1993), which was
based upon a more realistic description of the process
involved in antigen presentation. Additionally, in the
absence of a source, i.e. s =0, we obtain a population
growth equation

. k,P

where T'=T,, P=P, k,=kj, and K=K,
Equation (14) is similar to the models for the density
dependent growth of populations devised by May-
nard Smith & Slatkin (1973) and by Hassell (1975).
One T-cell clone growing in response to a fixed
peptide concentration will attain an eguilibrium
population density

kP 1

r=—-——
dT K’

(15)

which in ecology is called the “‘carrying capacity”.
Thus, in response to continuous simulation by a
fixed antigen concentration a T-cell population does
not grow infinitely but rather attains an equilibrium
density, wherein proliferation balances death. Fur-
ther, if P < dr/(k,K), there is too little “resource” to
sustain the T-cell population: the only equilibrium
solution is T=0.

ANTIGEN

The peptides forming the resources for T-cell
activation are derived from antigenic molecules
following the processing and presentation of the
molecules by APCs, We will not model the processes
involved in antigen processing, instead we make
the plausible assumption that the concentration of
peptide P; derived from antigen 4, is proportional to
the antigen concentration, i.e.

P=cA,. (16)

Thus, if the antigen concentration is fixed, as may be
the case for certain self antigens, the peptide concen-
tration will be constant.

To treat foreign antigens, we will assume that
they are pathogens that can grow and generate
an immune response. To model this we propose a
phenomenological equation in which antigens grow
logistically and are eliminated at a rate proportional
to the number of T cells recognizing them. Thus,
we assume

AJ,:I"AJ(I—AJ)—AJZk;T‘H (]7)

where £, is the rate elimination of antigen j owing to
T cells in clone i In our model of T-cell growth,
eqn (1), we need the concentration of peptide F;. By
an appropriate choice of the proportionality constant
¢ in eqn (16), the maximum concentration of antigen,
which appears in the logistic term, can be chosen to
be one without loss of generality. The solutions of
eqn (17) are

(18a)

and

— 12
Ajzl—;ZkUﬂ. (18b)
Any antigen for which the latter solution is
positive may persist in the system. Such an anti-
gen will account for memory because it maintains
the simulation of one of the clones responding
to it.

Stability

To study T-cell memory we consider the equi-
librium in which one antigen maintains the prolifer-
ation of one T-cell clone. For simplicity, we assume
s = 0. For proliferating T cells this is reasonable
because for cach clone the production of naive T
cells in the thymus is small. We rewrite eqns (13} and
(17) as

. k,KA
T= T(l +KT_dT)’ (19a)
and
A=rA(1 — A)—k, AT, (19b)

where k,=ck{,, k,=k};, and we have omitted the
subscripts for the population numbers. Since the
maximum concentration of the antigen is one,
the maximum per capita growth rate of the T cells is
k,K — dr. Thus, proliferation of the T cells implies
the parameter constraint

pskK—d->0. (20)

The non-trivial equilibrium of eqns (19a,b) corre-
sponds to

—_— rp
= 21
Kk k. +drr) (21a)
and
T= dy{k, + Kr) (21b)

Kk k,+dpr)
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The Jacobian matrix evaluated at this equilibrium
is

_ rod; rp
k. k. + Kr) k.+ Kr
J — o [y € 22
kot + Kr)  rdr(k ot K7) 2
K(kake+dTr) K(kake+dTr)

This equilibrium is locally stable because tr J < 0 and
det J > 0.

The system (19a,b) has a second equilibrium,
T=0, A =1. The Jacobian matrix evaluated at this

equilibrium is
P 0
= ) 23
J (_ i _r) (23)

Since det J < 0, this equilibrium is unstable. Hence if
there is a T-cell clone which can recognize the antigen,
the T-cell clone will not go extinct.

From this analysis we can conclude that when we
allow for net T-cell proliferation, i.c. when p >0, a
growing antigen will persist in an equilibrium in
which it sustains T-cell proliferation. This equilibrium
is stable and exists for any parameter setting consist-
ent with p > 0.

T cell memory

Recent experimental data suggest that T-cell
memory is dependent on the persistence of antigen
in the system (Gray & Matzinger, 1991), The persist-
ing antigen is supposed to allow for stimulation
and renewal of the T cells specific for this anti-
gen. Experiments on the lifetimes of naive and
memory T cells support this idea because the data
indicate that memory T cells have a shorter lifespan
than naive T cells (Michie et al., 1992). Thus T-cell
memory may rely on continuous restimulation
and proliferation of T cells via retained antigen (or
peptides).

Our contribution to these findings is that the
intrinsic competition process accounts for regu-
lation of the continued proliferation. Thus, if
the concentration of the persisting antigen is low
the antigen specific T-cell clone will remain small
despite its continuous activation. Previous models
for T-cell memory relied on direct regulation of
T-cell numbers by T cells (McLean, 1992; Schweitzer
et al., 1992). Additionally, the competitive exclusion
principle indicates that for each persisting peptide
only one T-cell specificity can be maintained in the
repertoire.

Note that our results only apply to growing anti-
gens. Non-growing antigens, for example, proteins

injected by immunologists, can be described by

A= —rd,— A k4T, (249

This cannot give rise to a non-trivial equilibrium.
Such a system can only transiently account for mem-
ory by antigen persistence. If the decay of antigen at
low concentrations is sufficiently slow, the system may
be approximated by eqn (14) in which we describe
the T-cell response to a fixed peptide concentration.
Such a system has a T-cell equilibrium as long as
the peptide concentration is sufficiently large, i.e.
P>d:Kjk,.

Affinity
In deriving eqn (1) we introduced the parameter
ko
K;=—"—, 7b

which plays the role of an effective affinity in the
model. However, suppose that there is some true
binding strength x; based upon molecular forces
between the receptor of clone 7, and a peptide P,
present on a particular MHC molecule. For conven-
icnce, we scale these strengths such that 0 <w;< 1.
The different rate constants k;; can then be written as
some function of k,;. As an example we here use linear
functions. Thus we write

kﬁi=kbx;‘js k;‘j':kaxijs k;'j'i:kd(lﬁ'cfj)s 25

where &,, k,, and k, are the maximal binding, acti-
vation, and dissociation rate constants for a T-cell
receptor having a maximal molecular match with a
given MHCpeptide complex. Hence

koK
Kj=r— 26
Tt R, @)
Making the reasonable parameter choice &, > k,,
K, is strictly positive and has the form of a
Michaelis—-Menten saturation function in ;.

APC Based Models

The general scheme of T-cell activation in which a
T cell becomes activated by interacting with peptides
presented on an APC is much more complicated
than we have assumed in the ecological model.
By formulating two more realistic models, we investi-
gate whether our main conclusion, i.e. competitive
exclusion, hinges upon our simplifying assumptions.
The APC models differ from the ecological one in that
there is no conservation of peptides; rather there
is conservation of ‘‘antigen presentation sites” on
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Fic. 2. Sites on an APC denote regions on the APC surface where
T cells can bind. A site can be free, S¢, or loaded with peptide §
at sufficient density to allow T-cell binding but not have a T cell
bound, §;, or it can be loaded with peptide j and have T cell
bound, thus forming a complex (C;).

APCs, and there is competition between peptides for
getting presented on sites of the APCs.

To simplify the description of T-cell-APC inter-
action, we assume as in Fishman & Perelson (1993),
that T cells interact with the APC over a portion of
its surface, which we call a site (Fig. 2). Here we
assume that sites can be in any of three states. First,
a site can be free (Sr), i.e. bound with no peptide or
bound with not enough peptide of any single type to
enable specific binding and activation of a T cell.
Second, a site (S;) can be presenting peptide j in high
enough concentration to enable some T cells to bind
and become activated but no T cell may be bound to
the site. Third, a site presenting antigen j in high
concentration may be filled with T cell i interacting
with the peptide. This we call a complex (Cj).

We again consider a system in which there are »
T-cell clones, T,, i =1,2,...,n competing for sites
on APCs in which one of m possible peptides, P,
j=1,2,...,m, can be presented. T cells 7, bind to
sites 5; on APCs to form a complex C;. These
complexes dissociate or give rise to an activated T cell,
T*. As in the ecological model, the rates of these
three processes may depend on the affinity of the T
cell for the presented peptide.

For our first “APC"” model, consider an activated
T cell, T'#, that divides at a rate k, giving tise to two
T, cells. This is depicted in the following scheme

k% kS
T+ 8==C;— Tt +5, (27a)
kP
T# — 2T, (27b)
kY ds
P+ Sp—> §;— S, (27c)

where k7 is the rate at which sites become loaded with
peptide j at sufficient density to stimulate a T cell and
dy is the rate of turnover of MHC—peptide complexes.
The rate constant k*encompasses both the rate of
processing an antigen and the rate of presenting
peptide J.

In Appendix A we write a conservation equation
for the total number of sites S,, we make quasi
steady-state assumptions for the complexes Cj;, the
sites S, and the activated T cells T¥, and obtain the
T-cell population dynamic equation

T =s+ T,(z K2K,S,— d,), (28)
J

where K, is defined by eqn (7b). This says that the rate
of T-cell proliferation is proportional to a weighted
sum of the §,, the number of sites presenting peptides.
Further, in Appendix A, we derive the following
expression for S,

s S:K*P,

4

(29)

m

1+ Y Y KiK, TP+ 3 K Py
L i

where K¥=k![d;. This says that S, the number of
sites presenting peptide P,, is a saturating function
of the free peptide concentration. Thus, according
to this model the per capita T-cell proliferation
rate is a saturating function of the concentration of
antigen.

This is further explored in Fig. 3. In panel (a) we
plot §; as a function of the peptide concentration P,
in the presence and absence of T cells under the
condition in which the uptake rate constant k; is the
same for all peptides j. When this is the case, we
let K“=k{/d;. Both curves show the saturation
effect. According to the data of Adorini et al
{1989) and Lorenz et al. (1990) the horizontal axis
should correspond to a protein concentration in the
0-1-10 4 M range. Since the availability of free sites
is a decreasing function of the T-cell concentration
[sec eqn (29)] we plot S, for T,=0 and for T;=1
[see Fig. 3(a)]. Most of the experimental data measure
total T-cell proliferation, i.e. thymidine incorpor-
ation, as a function of the antigen concentration.
These measurements result in sigmoidal/saturating
or in convex/humped dose-response functions (Matis
et al., 1983; Knight, 1987; Suzuki et al., 1988). In our
model thymidine incorporation corresponds to the
“total proliferation” term T:k%K,S; in eqn (28).
In Figs 3{(b) and 3(c) we show that in our model
total proliferation is a saturating function of P
and of 7,. According to the data of Matis et al. (1983),
T-cell proliferation depends on the product of the
concentrations of antigens and MHC molecules.
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Presentation Proliferation Proliferation
1 15
@ b T,=2 &)
T;=0
@ 051 T=1 75 12:5
! ]
0 0.5 1 0. 0.5 1 0 7-5 15
, P, 7,
F1G. 3. Presentation and proliferation as a function of the concentrations of peptide and T cells. Parameters: n = 1, m =1, &, = 20,

k,=24, k,=4, K*=6, §y=1, k;=1. (a) The number of sites presenting peptide, i.e. S; or eqn {A.8}, as a function of the peptide
concentration P, for T,=0 and T, = I. (b) T-cell proliferation, i.e. T,k K;S;, as a function of the peptide concentration P, for T,=0-5, 1, 2.

Ui

(c) T-cell proliferation, i.e. T;k%K,;S;, as a function of the T-cell concentration T, for P,=0'1 and P,= 1.

[ T kT A L

In our mode! the number of MHC molecules is
proportional to S;. Thus our model is in agreement
with these data since S, determines the height of
all saturation functions in Fig. 3 [see egn (29)].
Our model however can not account for convex
dose—response functions, in which the response falls
at high doses. This fall may be due to the effects of
excess lymphokine production, a phenomenon out-
side the scope of our model.

In the interests of realism we have also developed
a second APC model in which we distinguish various
subpopulations of T cells. For each specificity i/ we
distinguish (i} “virgin” cells, T}, which have never
seen antigen before; (i) “memory” cells, T, which
have seen antigen but have reverted to a resting stage,
(iil) “activated” cells, T#, which appear by activation
of virgin and of memory cells, and (iv) “proliferated”
cells, 77, which appear by cell division of activated T
cells. The corresponding kinetic scheme is

k. k4
v i £
T/ +8==C—T}+S,
k%

12 kg
TH+ §==Cl — T+,
k9

k &,
T*—22TF and TF—5TH, (30)

where k, is the rate at which proliferated cells
revert to the memory stage. The processes involving
antigen presentation remain the same as in the first
model.

In Appendix B we write a conservation equation
for the total number of sites, and make quasi-steady-
state assumptions for the complexes C;, the sites S,
the virgin T cells T, the activated T cells TF, the
proliferated T cells 7. After some algebra we obtain
for the memory T cells

: k—dp 2
TY = T'M(k,Td:; ki K;S; — dM)s a3n

where we have set 5 = 0. This is of the same form as
eqn (28).

APC results

Since eqns (28) and (31) are of the same form as
eqn (1), the principle of competitive exclusion also
holds for the two APC models (also see Appendices
A and B). This shows the generality of our main
result, The form of the competition between the T
cells resembles that of the ecological model [compare
eqns (9b) and (29)]. In response to fixed peptide
concentrations T-cell clones again attain an equi-
librium level. In conclusion all results obtained with
the ecological model hold true for the two APC
models.

PARAMETER VALUES

In the next section we provide some numerical
experiments illustrating the principle of competitive
exclusion. Before studying our model numerically we
need to choose parameter values. We have chosen the
parameter ¢ = (-1 for scaling the antigen concen-
tration. At this scale the immune response to the
antigen introduced at maximum concentration takes
a few days to develop. The antigen has a doubling
rate of one day, i.e. r = 1day~'. To obtain a time-
scale at which antigen is removed of the order of one
week we have chosen k, = 0-1 day~'. The lifespan of
T cells is taken to be 10 days, i.e. dr=0-1day™".
Taking a longer lifetimes does not qualitatively affect
the results, but does slow down the competitive
exclusion.

The uptake of antigen by APCs, its degradation,
and presentation in the form of peptides differs
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between the different types of APC. For B cells it
takes about 60 min for processed antigen to appear on
the cell surface (Lanzavecchia, 1987). However, pro-
cessed antigen continues to accumulate on the cell
surface, and the cell becomes more efficient at stimu-
lating T cells. For example, in experiments using
splenic B cells and pigeon cytochrome ¢ (Pc) as the
antigen, Lakey et al. (1988) found half-maximal T-ceil
stimulation is achieved after 4 to 5 hr of incubation of
B cells with antigen. Once processed, Pc is lost from
the surface in 8 to 12 hr (Lakey et al., 1988). If we use
the 8 hr lifetime then k* =~ 1/4hr~' and d, ~ 1/8 hr "
In our model we only deal with K*, the ratio of these
estimates. For B cells, K* ~ 2, For peritoneal exudate
cells, which are largely macrophages, Harding &
Unanue (1989) found after 15-20 min the cells were
capable of presenting antigen, with maximal T
cell stimulation occurring after 1 hr. Antigen-MHC
complexes were lost from the cell surface with a
half-life of 5-5 hr (Harding & Unanue, 1989). Using,
say, (-5 br for half-maximal stimulation (cf. Harding
et al., 1989), then K"=11. Dendritic cells pick up
antigen in the periphery and carry it to a lymph node
or to the spleen, where they present it to T cells. It
takes of the order of 1 day for a dendritic cell to
appear in the T-dependent area of the spleen (Austyn
et al., 1988). Dendritic cells exposed to antigen in vitro
and then injected in an animal stimulate T cells. This
responsiveness peaks at 5days, wanes by day 9-12,
and can be rapidly reinduced by rechallenge with
antigen-pulsed dendritic cells. From this we infer that
dendritic cells lose antigen with a half-life of, say,
5days. Hence for dendritic cells K* ~ 5. Given the
variability in values, we choose the average value
K'=6.

We assume that a T cell with high affinity will
bind to a site on an APC on a timescale of 1 hr, i.e.
k, =24 day~'. We also assume that the timescale at
which a highly specific T-cell-MHC complex breaks
apart by activation or dissociation is on the order of
1 hr. We estimate k, =4 day ' and k,=20day"', i.e.
a T cell with high affinity is most likely to become
activated before dissociating. Although the par-
ameters involved in antigen presentation do not di-
rectly apply to the ecological model we have taken the
same values for k,, k,, and k.

NUMERICAL EXAMPLES

Here we study our ecological model, eqns (13) and
(17), by computer analysis. First consider the inter-
action between one clone of T cells, T, responding
with maximum affinity, i.e. x,; = 1, to one antigen, A,.
This yields the two-dimensional system that was
studied in eqns (19-23) (see Fig. 4). In Fig. 4(a) the

12 12
{a) (b)
& 6f & 6
0 06 12 0 06 1.2
Ay A
121 25
= 6 & 6r
0 3 12 0 6 12
T T

Fig. 4. State space analysis. Parameters: ¢ =01, 4, =01,
k,=20, k,=24, k,=4, k=01, K, =1, r=1. (a) Parameters:
n=1,m=1,5 =00l x,, = . The light and the heavy lines depict
the 7, and 4, nullclines, respectively. (b) For the same parameters
the heavy line depicts a trajectory from A, (0) =01 and T,(0) = s/d;
= (-1, The light lines are the same nullclines. In panels {c) and (d)
we make a quasi-steady-state assumption for the antigens, i.e. the
systems obeys eqn (18b), in order to study the competition between
two T-cell clones. The light and heavy lines depict the T\ and T,
nullclines, respectively. (¢) Parametersin =2, m =15 =0,x, =1,
¥y = 0-5. The two parallel nullclines resemble those of competitive
exclusion situations in ecosystem models. (d) Parameters: n =2,
m=25=0, kK, =kp=1, Ky =05, K; =025 The iwo inter-
section nullclines allow for stable co-existence of the iwo clones.

heavy line depicts the solutions of the equation A4, =0
and the light line those of the equation T, =0. The
two nullclines intersect in the stable equilibrium of
the system [see eqn (22)] in which the antigen persists
maintaining T-cell proliferation. In Fig. 4(b} we
show a trajectory representing the response of clone
7,, initially in the virgin state, i.e. T, =s/dy, to an
antigen dose A, =0-1. In the initial phase antigen
grows. This evokes T-cell profiferation until the anti-
gen concentration drops by immune elimination. The
trajectory attains the stable equilibrium. In the stable
equilibrium the population level of the T cells is
regulated by competition for antigen. As we have
argued above this provides the regulation for having
T-cell memory on the basis of antigen persistence
(Gray & Matzinger, 1991).

We can study the competition between two T-cell
clones by phase plane analysis if we make a quasi-
steady-state assumption for the antigens [eqn (18b)].
In Fig. 4(c) and (d) we depict the two qualitatively
different nullcline situations corresponding to exclu-
sion and co-existence, respectively. They resemble
the two well-known cases in ecological competition
models, If the two T-cell clones compete for the same
antigen (e.g. k;, = 1, k)7 = 0-5) then their nullclines are
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FiG. 5. Competitive exclusion and memory to five foreign antigens. Parameters: n =25, m =35, ¢ =01, dr=01,k, =20, k, =24, k;=4,
k=01, K;=1,r=10<x;<1,s=00l. The connectivity of the x; was 20%. Thus, on average, each antigen was seen by five T-cell

clones,

parallel and they exclude each other [Fig. 4(c)]. On the
other hand, if the two T-cell clones compete for two
antigens (e.g. k=1, x; =023, x; =035, Kk, =1),
they may co-exist because the nullclines intersect in a
stable equilibrium [Fig. 4(d)}.

High-dimensional systems can no lenger be studied
by phase plane analysis. By numerical simulation we
study a system of 25 T-cell clones responding to five
different foreign antigens (see Fig. 5). The affinities of
the T cells for these antigens were chosen randomly
(see the figure caption for details). Antigens are
introduced at day 50, 150, 250, 350 and 450. They all
expand initially, they all evoke an immune response
involving several T-cell clones, and they all persist
afterwards. For each antigen we see several clones
responding but ultimately one clone becomes much
larger than the others. The others return to a level
close to the virgin state and may only increase again
in response to another antigen. This illustrates our

result on affinity selection. Following the exposure to
five antigens four clones persist at a high level in the
repertoire. [If the source of virgin cells 5 were to
decrease in time (see Fig, 6), the 21 small clones would
disappear entirely].

Diversity

We now come to the most speculative implication
of our results. It is generally assumed that the adult
T-cell repertoire is largely maintained by peripheral
expansion and not by a constant source of virgin cells
from the thymus (Rocha et al., 1989; Beverly, 1990).
This assumption is based on the observation that
thymectomized adults maintain normal T-cell num-
bers (cf. Helbert et al., 1993). It is not known what
form of antigenic stimulation is responsible for activ-
ating peripheral T cells to maintain the repertoire.
However, owing to the competitive exclusion, the sys-
tem would have to maintain more than 10 different
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FiG. 6. Repertoires maintained by cross-reactivities with self antigens, and memory to foreign antigens. Parameters: n = 25, m = 105,
c=01,dp=01,k,=20, k=24, k,=4, k,=01, K, =1, and r = 1. In panel (a) 1 < 200, 5 = 0-01/(1 + £). In panels (b) and (c) ¢ > 200,
s =0. The connectivity of the «, was 20%. The first 100 antigens are considered to be sclf antigens. They remain present at a fixed
concentration and the affinities are distributed between 0 <, <0-1, for j=1,..., 100. The last five antigens are considered to be foreign.
They obey eqn (17) and the affinities are distributed between 0 <, <[, for j =101,..., 105,

antigenic peptides to allow for a T-cell repertoire of
10° specificities. It is not known whether the foreign
antigens can account for such a diversity. Another
hypothesis is that the peripheral expansion is driven
by cross-reactivities with self-antigens (Rock & Be-
nacerraf, 1984; Stutman, 1986; Rocha et af., 1989,
Beverly, 1990). For such a system our results suggest
that the diversity of the T-cell repertoire would be of
the order of the number of self antigens in the system.
This suggestion is in agreement with an earlier model
that was based upon an entirely different approach
(De Boer & Perelson, 1993). Note that our results on
competitive exclusion only say that the number of
T-cell clones, in the absence of a source, must be less
than or equal to the number of effectively presented
peptides. These peptides could all be foreign, all be
self, or a combination of the two. Also, our results on

competitive exclusion are equilibrium results. It could
take a substantial length of time before clones were
eliminated in a competition for peptide. Thus, in the
period before equilibrium was reached more clones
could be present than peptides. Our numerical results
show this effect.

Cross-reactivitics with self-antigens arc analyzed
numerically in Fig. 6. In the first 200 days of the
simulation we let 25 T-cell clones respond to 100 self
antigens in the absence of foreign antigens. The T cells
have low random affinities for the self antigens. {(We
assume that T cells with high affinities for presented
self-peptides would have been eliminated in the
thymus.} During this period we allow the source
from the thymus to gradually decrease according to
5,=s5/(1+1). At day 200 we set s =0 and we set
all T-cell clones that are smaller than s/d; to zero.
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(This method allows us to preclude immune reactions
from clones that are not maintained by self renewal.)
We find that the repertoire at day 200 is composed
of 17 specificities. We then introduce five self-
reproducing foreign antigens, one at a time, at days
250, 350,...,650. The T ceils have random affinitics
that can be up to ten-fold larger for the foreign
antigens than for self antigen. All foreign antigens
evoke an immune response and persist afterwards.
The presence of the persisting antigens accounts for
shifts in the repertoire causing some clones to attain
a larger equilibrium and other clones to decrease
and/or disappear. This again accounts for memory by
persistence of the foreign antigen (Gray & Matzinger,
1991).

Discussion

The data that we have discussed in the Introduction
suggested regulation of T-cell numbers at the level of
total T-cell numbers (Freitas & Rocha, 1993). It
is straightforward to account for such a “global”
regulation of T-cell numbers by letting the rates of
T-cell proliferation and/or turnover depend on total
T-cell numbers. It would be more challenging though
if the global regulation were to be an emergent
property of the local processes. This has been
achieved for the control of total antibody levels by
means of idiotypic networks (De Boer & Perelson,
1991). As yet we have no insights on how the
same result might be achieved in T-cell repertoires
regulated by clonal competition.

In ecarlier work (Merrill et al, 1994) we have
developed a model in which we made a distinction
between ‘““local” effects, i.e. clonal competition for
antigen, and “global” effects, i.e. regulation at the
level of total T-cell numbers. This model allowed us
to study the T-cell repertoire as a frequency distri-
bution of clone sizes. We showed that local compe-
tition was essential to avoid competitive exclusion.
However, the local competition in that model was
defined at the level of single clones. Within clones
there was competition for binding antigens, but
between clones there was only regulation at the level
of total T-cell numbers. The competition terms that
we derived for the models developed in this paper
are more realistic because they involve competition
between clones and such competition appears to be
intrinsic to the process of T-cell activation.

The two APC models incorporate a second level
of competition, namely the competition amongst
peptides for antigen presentation. This becomes a
problem when a foreign peptide has to compete with
a large diversity of self peptides, that may be present

at high concentrations (Adorini et al., 1989; Lorenz
et al., 1990; Singer & Linderman 1990, 1992). It
has been estimated that T-cell activation requires
roughly 100-1000 peptide-MHC molecules per B
cell or macrophage (Demotz et al., 1990; Harding
& Unanue, 1990). These cells have about 16° MHC
molecules on their surface. Considering the case
where all peptide concentrations are equal this implies
that the system can only present of the order of
100-1000 different peptides. If some peptides are
present at much higher concentrations than others,
then even fewer peptides can be effectively presented
per APC. Similar problems arise in both our
ecological and APC models—the peptide concen-
tration needs to be above some critical level in order
to maintain a T-cell clone. One possible solution to
this problem is that there may be a large number
(10°-10%) of distinct microenvironments in the im-
mune system between which peptide concentrations
may differ markedly. To study this requires a model
with a large number of compartments. This is too
complicated as a first model, and thus as an illus-
tration of our main point we have only simulated the
simple ecological model.

Our most speculative conclusion, namely, that the
diversity of the T-cell repertoire can be determined by
the diversity of the environment of self antigens,
corresponds very closely to earlier results (De Boer &
Perelson, 1993). These earlier results were based upon
a very different approach. In that model we studied
the repertoire size as a function of the specificity of
the T-cell receptor. We required that the functional
repertoire respond to an unpredictable set of patho-
gens, For a given receptor specificity, we calculated
the fraction of the repertoire that would be rendered
non-functional by self tolerance. Then we searched
for the receptor specificity that would fulfill the
requirement of being able to reliably recognize foreign
antigens with a minimal repertoire. This ideal specifi-
city turned out to be inversely related to the number
of self antigens. The corresponding repertoire, after
tolerance induction, was then shown to be linearly
related to the number of self antigens. Thus, we
argued that the immune system is diverse because the
self environment is diverse (De Boer & Perelson,
1993).

One difficulty with envisioning the repertoire being
maintained by self peptides is that T cells exposed to
high concentrations of self peptides in the thymus are
deleted from the repertoire. However, even if this is
the case, such deletion mechanisms will not eliminate
all self reactive T cells. Self peptides that contribute
to maintaining the repertoire may be derived from
proteins that are not effectively presented in the
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thymus. Alternatively, the peptides may be what
Sercarz has called “cryptic”: peptides that are not
normally processed and presented at high enough
concentrations to stimulate T cells or lead to their
deletion in the thymus, but which may at certain
times be upregulated and displayed in an effective or
“dominant” form (Sercarz et al., 1993).

The results presented in this paper have all been
equilibrium results. Hence, our analysis only shows
that clones will ultimately be eliminated by competi-
tive exclusion. However, if the time scale of this
elimination process is sufficiently long the immune
repertoire stays more diverse. Indeed, the immune
system need not be operating at equilibrium and
the diversity of the immune repertoire may be due
to transients. Important parameters determining the
behavior of these models, and the validity of our
equilibrium analysis, are the rates of T-cell turnover.
The T-cell lifetime determines the rate at which clones
are eliminated by the competitive exclusion process.
Unfortunately, the empirical estimates of T-cell life-
times (Freitas & Rocha, 1993; Michic et al., 1992)
differ by more than three orders of magnitude.

Interestingly, if we do not make the quasi-
steady-state assumptions that we have used here to
prove competitive exclusion, our models have very
complex dynamical behavior. Examples of this have
been analyzed before (De Boer & Hogeweg, 1987,
Kevrekidis er al., 1988). Thus, we also have to
consider co-existence of clones in periodic or chaotic
attractors. Because in our models, i.e. eqns (13),
(A.15) and (B.8), the maximum growth rate of the
clones (i.e. populations) is a linear function of the
peptide or site densities (i.e. resources} competitive
exclusion is expected to hold for such attractors
(Levin, 1970; Kaplan & Yorke, 1977, Armstrong &
McGehee, 1980).

However the growth of T-cell clones can also be
limited by other factors and need not be limited by
antigen (i.e. resources) only. For instance, regulator T
cells that are activated by proliferating T cell clones
and that inhibit their proliferation may exist (cf.
Lohse et al., 1993). Such regulatory T cells would play
the role of a predator regulating its prey. Levin (1970)
has shown that such additional processes have to be
included in the set of “limiting factors” and may thus
increase the system diversity. Unfortunately, this
remains inconclusive because it is a matter of debate
whether or not immune reactions are regulated largely
by antigen or by “regulator cells™.

This work was partially performed under the auspices
of the U.S. Department of Energy. It was supported by
NIH Grant AI28433 and the Santa Fe Institute through

the Joseph P. and Jeanne M. Sullivan Foundation Program
in Theoretical Immunology. We thank Dr. Charlotie
Hetzel for making available her unpublished review of T cell
dose-response data, Lee Segel and Michael Fishman for
comments on the manuscript, and George Nelson for help
with the figures.

REFERENCES

AporINI, L., ApELLa, E., Doria, G, CaroiNaux, F. & Nacy,
Z. A. (1989). Competition for antigen presentation in living
cells involves exchange of peptides bound by Class It MHC
molecules. Narure, Lond. 342, 800-803.

ARMSTRONG, R. A. & McGenzg (1980). Competitive exclusion.
Am, Nae, 115, 151-170.

Austyn, J. M., Kuplec-WEGLINSKI, J. W., Hankins, D. F. &
Morris. P, J. (1988). Migration patterns of dendritic cells in the
mouse. J. expl Med. 167, 646-651.

BEvERLY, P. C. L. (1990). Is T-cell memory maintained by cross-
reactive stimulation? fmmun. Today 11, 203-205.

CHIEN, Y., GASCOIGNE, N. R. J., KAVALER, J., LEE, N. E. & Davis,
M. M. (1984). Somatic recombination in a murine receptor gene.
Nature, Lond. 309, 322-326.

Coscrove, D., Gray, D., DIERICH, A., KAUFMAN, ], LEMEUR, M.,
BenoisT, C. & MatHis, D. (1990). Mice lacking MHC class 11
molecules. Cell 66, 1051-1066.

DEe Boer, R. I. & HoGewee, P. {1987). Immunological discrim-
ination between self and non-self by precursor depletion and
memory accumulation. J. theor. Biol. 124, 343-369.

DE Boer, R. J. & Pexeuson, A. S. (1991}, Size and connectivity as
emergent properties of a developing immune network. J. theor.
Biol. 149, 381424,

Dt BoEr, R. J. & PerReLsoN, A. S. (1993) How diverse should the
immune system be? Proc. R. Soc. Lond. B252, 171-175.

DemoTz, 8., GrREv, H. M. & SETEE, A. (1990). The minimal number
of Class 11 MHC-antigen complexes needed for T cell activation.
Science 249, 1028--1030.

FisuMaN, M. A. & PERELSON, A. S. (1993). Modeling T cell-antigen
presenting cell interactions. J. theor. Biol. 160, 311-342.

FREITAS, A. A. & RocHa, B. B. (1993). Lymphocyte lifespans:
homeostasis, selection and competition. Immun. Today 14,
2529,

GamMmox, G., Krotz, J., Axpo, D. & SERCARZ, E. (1990), The T
cell repertoire to a multideterminant antigen. Clonal hetero-
geneity of the T cell response, variation between syngenetic
individuals and in vitro selection of T cell specificities. J. Jnimun.
144, 1517-1577.

Gause, G. F. (1934). The Struggle for Existence. New York:
Hafner.

Gray, D., (1993). Immunoclogical memory. 4. Rev. Immun. 11,
49-77.

GraY, D. & MATzZINGER, P. (1991). T cell memory is short-lived in
the absence of antigen. J. expl! Med. 174, 969-974.

Harping, C. V., Roor, R. W. & UNaNCE, E. R. (1989). Turnover
of la-peptides in facilitated in viable antigen-presenting cells:
biosynthetic turnover of Ia vs. peptide exchange. Proc. nam.
Acad. Sci. U/.5.4. 86, 4230-4234,

HaroDing, C. V. & Unanug, E. R, (1989). Antigen processing
and intracellular Ia: Possible roles of endocytosis and protein
synthesis in Ia function. J. fmmum. 142, 12-19.

HARDING, C. V. & UnaNUE, E. R. (1990). Quantitation of antigen-
presenting cell MHC Class Il/peptide complexes necessary for
T-cell stimulation. Nature, Lond. 346, 574-576.

HasseLi, M. P, {1975). Density-dependence in single-species
populations. J. Anim. Ecol. 44, 283--295.

HeLserT, M. R., L'AGE-STEHR, J. & MirtcHison, N. A. (1993).
Antigen presentation, loss of immunclogical memory and AIDS.
Immun. Today 14, 340-344,

Hurcuinson, G. E. (1957). Concluding remarks. Cold Spring
Harbor Symp. Quani. Biol. 22, 415427,



388 R.J. DE BOER AND A. S. PERELSON

Kapran, J. L. & Yorke, J. A. (1977). Competitive exclusion and
nonequilibrium coexistence. Am. Nar. 111, 1030-1036.

KEvrRekins, 1. G., ZECHa, A. D. & PeRELSON, A. §. (1988).
Modeling dynamical aspects of the immune response: 1. T Cell
proliferation and the effect of IL-2. In: Theoretical Immunology,
Part One (Perelson, A. S., ed.), SF! Studies in the Science
of Cemplexity, Vol. 1II, pp. 167-197. Redwood City, CA:
Addison-Wesley.

Knigut, S. C. (1987). Lymphocyte proliferation assays. In:
Lymphocytes: A Practical Approach (Klaus, G. G. B., ed.),
pp. 189-207. Oxford: IRL Press.

Lack, D. (1954). The Natural Regulation of Animal Numbers.
Oxford: Oxford University Press.

LAckEY, E. K., CasTteN, L. A., NIEBLING, W. L., MARGOLIASH, E.
& PIERCE, S. K. (1988). Time dependence of B cell processing and
presentation of peptide and native protein antigens. J. Immun.
140, 3309-3314.

LanzaveccHIA, A. (1987). Antigen uptake and accumulation in
antigen-specific B cells. immun. Rev. 99, 39-51.

Levin, 8. A, (1970). Community equilibria and stability, and an
extension of the competitive exclusion principle. Am. Nat, 104,
413-423.

Lousg, A. W,, Spaun, T. W., WOFEL, T., HERKEL, J. & COHEN,
I. R. (1993). Induction of the anti-ergoiypic response. Int.
Immaun. 5, 533-539.

Lorenz, R. G, BLuM, J. 8. & ALLEN, P. M. (1990). Constitutive
competition by self proteins for antigen presentation can be
overcome by receptor enhanced uptake. J. Immun. 144,
1600-1606.

MacArTHUR, R. H. & Levins, R. (1964). Competition, habitat
selection, and character displacement in a patch environment.
Proc. natn. Acad. Sci. U.S.A. 51, 1207-1210.

MacARTHUR, R. H. (1970). Species packing and competitive
equilibrium for many species. Theor. Popul. Biol. 1, 1-11.

MacDonaLp, H. R., THiErNESSE, N. & CEROTTINI, J. C. (1981).
Inhibition of T cell mediated cytolysis by monoclonal antibodies
ditected against Lyt-2: heterogeneity of inhibition at the clonal
level. J. fmmun. 126, 1671-1675.

MaTis, L. A., GLiMcHER, L. H., Paur, W. E. & ScHwWARTZ, R. H.
(1983). Magnitude of response of histocompability-restricted
T-cell clones is a function of the product of the concentrations
of antigens and la molecules. Proc. natn. Acad. Sci. U.5.A. 80,
6019-6023.

May, R. M. (1974). Stability and Complexity in Model Ecosystems.
Monographs in Population Biology, Vol. 6. Princeton, NY:
Princeton University Press.

MayNarp SwmiTH, J. & ScaTkin, M. (1973). The stability of
predator-prey systems. Ecology 54, 384-351.

McLEan, A. (1992). T memory cells in a model of T-cell memory.
In: Theoretical and Experimental Insights into Immunology
(Perelson, A. 8. & Weisbuch, G., eds). NATO ASI Series,
Vol. He6, pp. 149-162. Berlin: Springer-Verlag.

MicHIE, C. A., McLEaN, A., ALcock, C. & BeverLy, P. C. L.
(1992). Lifespan of human lymphocyte subsets defined by CD45
isoforms. Nature. Lond, 360, 264-265.

MERRILL, S. J., DE BOER, R. J. & PERELsON, A. 8. (1994), Develop-
ment of the T-cell repertoire: clone size distribution. Rocky M1
J. Math. 24, 213-231.

OkseNBerG, J. R., STUART, S., BEGovicH, A. B., BsLL, R. B,
EruicH, H. A., SteinmanN, L. & Bernarp, C. C. A, (1990).
Limited heterogeneity of rearranged T-cell receptor Va tran-
scripts in brains of multiple sclerosis patients. Nature, Lond. 345,
344-346.

PANNETIER, C., CocHET, M., DARCHE, S., CASROUGE, A., ZOLLER,
M. & KouriLsky, P. (1993). The sizes of the CDR3 hyper-
variable regions of the murine T-cell recepter § chains vary as
a function of the recombined germ-line segments. Proc. natn.
Acad. Sci. U.S.4. 90, 43194323,

RAHEMTULLA, A., Tung-LEUNG, W. P., ScHmLHAM, M. W_
KUnpiG, T. M., SAMBHARA, S. R., NARENDAM, A., ARABIAN, A,
WaKEHAM, A, PaiGe, C. J., ZINKERNAGEL, R. M., MILLER, R. G.
& Mak, T. W. (1991). Normal development and function of

CD8* cells but markedly decreased helper cell activity in mice
lacking CD4. Nature, Lond. 353, 180-184.

RocHa, B., DauTiGNY, N. & PerEIRA, P, (1989). Peripheral T
lymphocytes: expansion potential and homeostatic regulation of
pool size and CD4/CD8 rations in vivo. Eur. J. Immun. 19,
905-911.

Rock, K. L. & BENACERRAF, B. (1984). Thymic T cells are driven
to expand upon interaction with self-class 11 histocompatibility
complex gene products on accessory cells. Proc. natn. Acad. Sei.
U.S.A. 81, 12211224,

SCHWEITZER, A. N, SwinToN, J. & AnDErson, R, M. (1992).
Complex outcomes in mouse Leishmaniasis: a model for the
dynamics of the Thl response. In; Theoretical and Experimental
Insights into Immunology (Perclson, A. S. & Weisbuch, G., eds).
NATO AS! Series, Vol. H66, pp. 191-202, Berlin: Springer-
Verlag.

SErcarz, E. E., LEHMANN, P. V., AMETANI, A., Benichou, G.,
MiLLEg, A. & Mouncn,, K. (1993). Dominance and erypticity
of T cell antigenic determinants. 4. Rev. Immun. 11, 717-754.

SHERMAN, L. A. & MALECKAR, J. R. (1988). Genetic and environ-
mental regulation of cytolytic T lymphocyte receptor repertoire
specific for alloantigen. fmmun. Rev. 101, 115-131.

SINGER, D. F. & LINDERMAN, J. J. (1990). The relationship between
antigen concentration, antigen internalization, and antigenic
complexes: modeling insights into antigen processing and
presentation. J. Cell Biol. 111, 55-68.

SINGER, D), F. & LINDERMAN, J. J. (1992). Antigen processing and
presentation: how can foreign antigen be recognized in a sea of
self proteins? J. theor. Biol 151, 385-404.

STEINMAN, R. M. (1991). The dendritic cell system and its role in
immunogenicity. 4. Rev. fmmun. 9, 271-296.

StuTtMmaN, O. (1986). Postthymic T-cell development. [mmun. Rev.
91, 159-194.

Suzukl, G., Kawasg, Y., Kovasu, 8., YAHARA, L., KOBAYASHI, Y.
& ScHwarTz, R, H. (1991). Antigen-induced suppression of the
proliferative response of T cell clones. J. Immun. 140, 1359-1365.

WUCHERPFENNIG, K. W., Newcomsg, 1., Ly, H., Keopy, C,
Cuzner, M. L. & Harier, D. A, (1992). T cell receptor V-V,
repertoire and cytokine gene expression in active multiple
sclerosis lesions. J. expl Med. 175, 993-1002.

ZULsTRA, M., Bix, M., SimisTER, N. E., LORING, J. M., RAULET,
D. H. & JaniscH, R. (1990} f2-microglobutin deficient mice lack
CD4-8* cytolytic T cells. Nature, Lond. 334, 742-746.

APPENDIX A

Here we show the analysis of our first APC model
[scheme (27) in the main text]. For the complexes C;;
we write the quasi-steady-state equation

Cy=kyT,8,— Cylki+ k) =0, (A
where i = 1,2,...,n This gives
C,-j = K,'j T,'Sj, (Aza)
where
——mk% 2b
= LI A,
Klj k:j.'{‘ kf; ( )
Owing to conservation of sites we have
r=8+ 22 C+ Y S, (A.3)
i J i
For the sites presenting peptide j we write
S, = ki P.Sp— dgS;, (A.4)
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where j=1,2,...,m. Making quasi-steady state
assumptions we obtain

S, =K} PS5, (A.5a)
where
K =k}/d;. (A.5b)
Substituting eqn {A.2a) into eqn (A.3) gives
Sr=8+YY K, T.S+Y 5. (A.6)
i J

Substituting eqn (A.53), and re-ordering, gives

S
SF: nom . m ? (A'7)
1+ Y Y KK, TP+ Y K P,
i )
which upon substitution into eqn (A.5) gives
S;KYP,
S T i {A.8)

m

L+ Y Ky K, T,P+} K} P,
P 7

This says that the number of sites presenting peptide
J 18 a saturating function of the free peptide con-
centration P;. The number of available sites is a
decreasing function of the number of specific T cells
in the system. These two effects were illustrated in
Fig. 3.

For the activated T cells, T¥, we write another
quasi-steady-state equation

Tr=Y kiCy—k,T=0, (A 9a)
i

hence

] "
Tt = L k5Cy. (A.9b)
P J

For the T cells we write

m

T;=s - Y k41,84 LkiC,+ 2k, T* ~ 4, T,
e

K

(A.10)

where s is the source of T cells from the thymus and
dris the rate of T-cell turnover. Since C,j = 0 we may
add eqn (A.1) to T,. Further, we substitute eqn (A.9b)
to obtain

=s+1(SrKs—a) @
1

which says that T-cell proliferation is proportional to
8, the number of sites presenting peptides.

Equations (A.8) and (A.11) may be combined to
obtain the full model

. S
T=s+T, :

L+ Y Y KK TP+ K P,
iy

i

X YRLK K P~ dr), (A.1D)
/

which shows that proliferation decreases as a function
of the total T-cell concentration and of the total
peptide concentration,

We prove competitive exclusion by observing
that solving the equilibrium of egn (A.11), while
setting s =0, gives

ZkrajK,jS}=de i=]""1n! (A'l3)
)

which has the same linear form in S, as eqn (2) in the
main text has in &,. Thus, solving eqn (A.13) for §,can
maximally give rise to m solutions. Whenever n > m
the system is overdetermined and maximally m T-cell
clones can have a non-zero concentration. Thus, our
results on competitive exclusion are equally valid for
this more realistic model.

Note that if we were to allow for turnover of the
activated T cells, i.e. if we were to replace eqn (A.9)
by

T;*:Zkg.c,j— THk,+dr)=0, (A.14a)
]
so that at quasi-steady state
‘l m
T* = — i . . 4
; kﬁ+dT§;k,jC,J (A.14b)

we would end up with

. k,—d
T,= {7 IS keK,S,—d .
i 5 + ﬂ(kp_l_ dT;kU u‘s:] T): (A ]5)
which is similar to eqn (A.11) and similar to the model
derived in Appendix B. Thus, allowing for a turnover
of activated T cells does not affect our results.

APPENDIX B

Here we present the analysis of our second model
in which we distinguish “virgin” cells, 7/}, “memory”
cells, TY, “activated” cells, T#, and *“proliferated”
cells, T [see scheme (30) in the text]. By analogy to
the analysis of the first model we write

Ch=kiTVS,~ Clki+k5)=0, (B.la)
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and
CY =k5TVS,— CH(KS+k8) =0, (B.1b)
or
Ch=K,;T!S, (B.2a)
and
Cl = K,THS, (B.2b)

where K; is defined by eqn (A.2). Owing to conserva-
tion of sites we have

ST—SF+ZZ(C"+C’”)+ZS (B.3a)

For the sites presenting peptide f we adopt eqns (A.4)
and (A.5). By a similar analysis we arrive at

5= ____ 5 —. (B.3b)

VK*+ Y Y KT/ + TP+ Y P,
i {

For the virgin cells we write

TV=s5s—dy TV =Y ki TTS, +decV
i

e

where s is the source for virgin T cells from the
thymus and &, is the turnover rate of virgin cells.
Upon addition of eqn (B.la) and substitution of
cqn (B.2a) this gives

TV=s— TV(Z kiK;S + dy) (B.4a)
For the memory cells we write

where dy, is the turnover rate of memory cells. Upon
addition of eqn (B.1b} and substitution of eqn (B.2b)
this gives

dy T — Zk TS, +Zk‘fcu

i s

=k TI—TH (}:kﬁjl(',JS)-t-d ) (B.4b)

For the activated cells we write the quasi-steady-state
equation

TF = Zk,j(cu CH)—k,TF=0,

or

1 m
T* =k_Zk;j.(C§j+ chn. (B.4c)
J

4

For the proliferated cells we write
I7 =2k, T* — T{(k, + dp),

where d, is the turnover rate of the proliferated cells.
Upon substitution of eqns (B.2) and (B.4¢) this gives

=XT! + T Y k4K,;S;,— TPk, +dys). (B.4d)
)

Making quasi-steady-state assumptions for 7} and
Tf, we obtain

5

Tf~——f——<=,  (B5)
T T
i
where §; is still a function of 77}, and
= VM B
T; kr+dP(T +T; )Zk,jK,ij, (B.5b)
which upon substitution in eqn (B.4b) gives
. 2%
M= . + TH) Y kUK,
=it4 )Z S

-7 (Z ki Ky;S; — dM). {B.6)
When d, <k, we see that this equation:

; —2TVZk"K,,SJ+TM(Zk,, K,;S,— d,,,)
(B.7)

is of the same form as eqn (A .8) if we consider the first
term as a small source (remember T! < 5/d,).

We prove competitive exclusion by rewriting
eqn (B.6) while setting s = T} =0:

k —do
M= TH
tre (s A Sk

where we require dp > k,. In equilibrium all clones i
have to satisfy

KS-d) B8

k+dp
Mk —d,

which has the same linear form in S;- as eqn (2} in the
text has in g. Thus, solving eqn (B.9) for §; can
maximally give rise to m solutions, i.e. maximally m
different clones can have a non-zero concentration,
Thus, our results on competitive exclusion are equally
valid for this more realistic model.

Z koS, = dyy (B.9)



